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1 Introduction
Markowitz (1952) asks how an investor should allocate his wealth among available investments.
Shared investments pose a prior question: which investments will be available at all? A first close,
a club loan or a jointly financed acquisition requires several investors, each answerable to his
own mandate, to find participation worthwhile at the same time. An attractive asset can therefore
disappear from an investor’s opportunity set without any change in its underlying payoff. What
changes is another investor’s willingness to help form it. Portfolio choice takes the opportunity
set as an input. Investment organization helps determine that input.

The organizing question is when individually attractive investment choices destroy a jointly
valuable opportunity, and which institutions can preserve it without overriding investor authority.
Polycentric finance names the broader study of investment under independently governed man-
dates. Its unit of coordination can be an investment, even when the surrounding portfolios remain
separately governed.

Direct investment and alternative vehicles make this question concrete. Fang, Ivashina and
Lerner (2015) study 390 direct private equity investments made between 1991 and 2011 by seven
institutions. Lerner et al. (2022) examine alternative investment vehicles alongside conventional
private equity funds. These arrangements allow investors to combine delegated and direct expo-
sure rather than choose one organizational form for their entire portfolio. The FirstMark–Starry
combination supplies a documented illustration of the contractual margin: investors retained re-
demption rights, some received additional shares for forgoing them, subscription terms changed,
and a minimum-cash condition was waived before closing. The case identifies the instruments
through which participation and funding are reconciled; it does not identify an exogenous im-
provement in outside options.

The first result is a compression theorem. Consider a threshold participation game with ex-
cludable benefits, independent outside options and fixed program terms under which additional
members weakly improve existing members’ payoffs. Improving one investor’s outside-option
value by Δ raises the lowest pure-equilibrium welfare by exactly Δ and never enlarges the range
of equilibrium welfare. If the previous range is 𝐺, the highest equilibrium changes by an amount
between Δ−𝐺 and Δ. Both bounds are attained. The floor can rise while the ceiling falls. The ad-
verse case is excess separation: individual choices abandon a shared investment that still creates
aggregate surplus.

With continuously divisible portfolios, investors choose genuinely interior allocations between
the shared program and an outside investment. A second characterization identifies every pure
equilibrium for a class with concave incremental values, fixed formation charges and indispensable
investors. A formed equilibrium exists exactly when every investor has a nonnegative participa-
tion maximum and their largest acceptable contributions can meet the threshold. A fall in those
acceptable contributions can destroy formation while every investor’s individual payoff schedule
still has a positive peak. The same model gives a useful limit: its best individually acceptable
coordinated allocation is already a Nash equilibrium. Better portfolio computation alone cannot
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improve that equilibrium. The institution must resolve selection, redistribute participation gains,
change terms or secure funding.

The institutional result separates willingness from credible execution. With private outside-
option values, information alone cannot eliminate nonparticipation when no investor can form the
program alone and a failed subscription brings no reward. For a closed, indispensable cohort,
an exact Bayesian characterization distinguishes participation from selection. Every type must
strictly prefer full subscription, and all but at most one investor must receive a credible strategic-
failure payment exceeding his subscription expense. These conditions are necessary and sufficient
for full subscription in every Bayesian equilibrium, including mixed equilibria. A binding com-
mitment by itself supplies neither condition. Risk aversion and a common funding failure can
make success-only compensation inadequate at any finite amount.

Three attainable sets separate these tasks. The feasible set describes what resources, technolo-
gies and hard constraints permit. The equilibrium set describes what voluntary choices support
under the baseline rules. The implementable set describes what a specified class of permissi-
ble contracts can support, net of its costs. Their undominated boundaries need not coincide. A
contract may support an attractive outcome in one equilibrium without guaranteeing it in every
equilibrium. Even universal subscription does not guarantee that the cash or the required consent
will arrive.

Artificial intelligence changes the cost of both sides of this comparison. Interpreting a man-
date, reconciling an amendment and maintaining an attributable investment record can become
cheaper in a separate account and inside a shared program. The decisive quantity is the difference
between the savings that reach the same investor in the two arrangements. A uniform percentage
improvement can favor separation when it saves the pivotal investor more outside. A companion
experiment measures this incidence for interpretation and record maintenance (Komkov, 2026).
Shared processing has lower recorded inference costs, while the tested improvement saves more
separately. The economic question is who receives these savings and how much participation
slack remains.

The theory draws on monotone games, cost sharing and assurance contracts. Juarez (2013)
provides the closest willing-coalition construction behind compression. Tabarrok (1998) already
treats assurance with private values, and Halac, Kremer and Winter (2020) studies capital assem-
bly with heterogeneous investments and success- and failure-contingent payments. The results
here give a welfare bound and two restricted characterizations suited to investment participation.
They do not propose a general replacement for these theories. Their common contribution is to
separate four questions that a portfolio optimum leaves open: who wishes to participate, which
equilibrium is selected, what a permissible contract can change, and which resources remain avail-
able when called.

The distinction is between portfolio choice and the organization of its opportunity set.
Financial-innovation theory already studies the creation of claims (Duffie and Rahi, 1995); the
present argument concerns the participation conditions under which independently governed
portfolios sustain a shared investment. The title’s investment frontier is the boundary of attain-
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able payoffs under these organizational and contractual constraints. The figures compare scalar
welfare envelopes of those outcomes. Technology can improve what investors do separately
while destabilizing what they achieve together.

2 Environment and attainable sets

2.1 Economic state, choices and authority
There are finitely many investors, three decision dates and finitely many states. At date 0 each
investor adopts a mandate, chooses grants of authority and may enter a contract. Date 1 separates
subscription from funding. The opportunity and public contract are observed before subscription;
any later funding condition is learned before implementation. The Bayesian extension explicitly
places subscription before the independent funding event. At date 2 claims settle. A date 1 deci-
sion uses only information available by that date. Existing wealth, liabilities, unfunded obligations
and liquidity requirements enter the investor’s book before a new investment is evaluated.

An investor is a holder of capital with its own decision authority. The holder may be an in-
dividual, a trust, an investment office acting for a specified investor, or an institution. Multiple
accounts representing the same economic principal do not create multiple budgets. A fund may
itself be one independently governed participant. Polycentricity refers to these distinct centers of
authority, following the governance tradition synthesized by Ostrom (2009). It does not require
distributed computing, a blockchain or a particular form of ownership.

Let 𝑋𝑖 (𝑎, 𝜔) be terminal wealth under joint action 𝑎 and state 𝜔. The baseline financial repre-
sentation uses CARA certainty equivalents,

CE𝑖 (𝑋) = − 1
𝛼𝑖

logE[𝑒−𝛼𝑖𝑋], 𝛼𝑖 > 0. (1)

A sure terminal transfer 𝑡 satisfies CE𝑖 (𝑋 + 𝑡) = CE𝑖 (𝑋) + 𝑡. This makes certainty-equivalent
dollars a convenient numeraire. A transferable-utility representation additionally requires that the
relevant transfers actually be admissible, financeable and enforceable. Binding liquidity limits or
restrictions on transfers can prevent a jointly valuable allocation from being acceptable. CRRA
preferences permit money transfers but lack this exact translation property.

An authority grant 𝐴𝑖 is a set of contingent actions permitted without a new approval. A man-
date supplies objectives and hard investment constraints; an authority grant supplies permission;
a signed contract supplies obligations. These are separate objects. Revoking future authority can
block a new commitment without canceling a call under an already accepted obligation. Nor does
an unused grant establish that cash is available or that a counterparty will accept a trade.

Prospective programs require actual formation expenditures or minimum capital, can impose
minimum tickets and may have scarce capacity. Claims are represented by their contingent cash
flows, obligations and rights. A common label does not establish that two instruments have the
same payoff or that an access right can be transferred. Investors may combine several programs
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with existing funds and individual holdings. The reduced participation model below isolates one
formation margin after those surrounding portfolio choices have been made. Prescribed linear CE
schedules in the examples are reduced-form primitives; CARA preferences do not generally imply
them for correlated risky investments.

2.2 Sets before frontiers
Let F (𝑧) be the set of net payoff vectors attainable under financial state 𝑧, technologies, resources
and hard constraints. Real formation, administration and financing costs are included. The set
does not yet require that a decentralized participation game support its allocations. Let Γ0(𝑧) be
the baseline game, and let E(𝑧) be the payoff vectors of its pure equilibria. For a declared class
of permissible contracts C, define

I(𝑧;C) =
∪
𝑐∈C

{𝑝(𝑎; 𝑐, 𝑧) : 𝑎 ∈ NE(Γ𝑐 (𝑧))}. (2)

The costs and resources of each contract belong in 𝑝 and in its feasibility conditions. If the class
contains the baseline contract and every contract respects the same resource accounting, then

E(𝑧) ⊆ I(𝑧;C) ⊆ F (𝑧). (3)

The feasible, equilibrium and implementable frontiers are the undominated parts of these respec-
tive sets. Their frontiers need not themselves be nested. An outcome undominated in a smaller
set can be dominated after more arrangements become available.

For figures we fix the welfare measure 𝑊 (𝑝) =
∑
𝑖 𝑝𝑖, in certainty-equivalent dollars, and

compute scalar envelopes max𝑝∈E𝑊 (𝑝), max𝑝∈I𝑊 (𝑝) and max𝑝∈F 𝑊 (𝑝). These are not mean–
variance frontiers. An increase in their sum does not establish that every investor gains. We report
member payoffs and test participation against jointly feasible outside alternatives.

Weak supportability and robust implementation are different. The implementable-set defini-
tion asks whether a contract has an equilibrium supporting an outcome. A designer concerned
about every equilibrium instead evaluates, for example,

sup
𝑐∈C

NE(Γ𝑐)≠∅

inf
𝑎∈NE(Γ𝑐)

𝑊 (𝑝(𝑎; 𝑐)). (4)

This quantity need not equal the maximum over I. A unanimous subscription can make an attrac-
tive allocation an equilibrium while leaving no-formation equilibria intact. An assurance contract
may remove those equilibria if its promises are credible and participation remains attractive after
success.

For the Bayesian extension, a payoff vector is a vector of interim expected utilities or the
corresponding explicitly constructed certainty equivalents, indexed by own type. The equilibrium
concept then becomes Bayesian Nash equilibrium, including mixed strategies. Comparisons use
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the same prior and funding technology. A guarantee about signatures is stated separately from the
probability of successful investment funding.

2.3 Portfolio choice and the closest organizational results
Separation and spanning explain when investors can obtain heterogeneous exposures through mix-
tures of common funds (Markowitz, 1952; Merton, 1971; Ross, 1978). A different preference
need not require another vehicle. Desired exposure, restrictions on holdings and holder-specific
histories are different reasons for differentiation. A long-only mixture cannot remove an excluded
security when every constituent fund holds it; tax attributes and accepted obligations require at-
tributable records. Which of these facts requires separate execution depends on the available legal
and operational arrangement.

Security design already treats available claims as endogenous (Duffie and Rahi, 1995; Boyd
and Prescott, 1986). Joint portfolio optimization already allocates shared trading costs across
separate accounts (Iancu and Trichakis, 2014; Devanathan et al., 2026), and illiquid-commitment
research already treats liquidity and pacing dynamically (Luxenberg et al., 2022). The formation
question here concerns investors’ ability to refuse a proposed joint solution. Shared fixed costs
connect that choice to clubs and entry (Buchanan, 1965; Spence, 1976; Mankiw and Whinston,
1986). Neither a new product label nor a new computational architecture establishes a new eco-
nomic opportunity.

Population-monotonic allocation and cross-monotone cost sharing supply the membership or-
der used below (Sprumont, 1990; Juarez, 2013). The compression proof uses a union-closed
family of willing memberships and derives its welfare envelope as outside values change. It does
not inherit truthful reporting or coalition stability. In larger combinatorial environments, those
are additional mechanism-design requirements (Birmpas et al., 2019).

Monotone-game theory distinguishes a different order property. Topkis (1979), Milgrom and
Roberts (1990) and Vives (1990) study complementarity of actions and equilibrium responses;
Milgrom and Shannon (1994) provides the ordinal comparative-statics conditions. An increase
in a member’s payoff when others join a formed investment does not by itself establish increasing
differences across the complete subscription game. Failed subscriptions must also be compared.
The next section makes that boundary explicit rather than treating a threshold as either sufficient
for, or incompatible with, supermodularity.

3 Compression

3.1 The participation game
There are 𝑛 investors. Each chooses to subscribe or remain outside. Write 𝑆 for the subscribers.
The program forms if |𝑆 | ≥ 𝑞, where 2 ≤ 𝑞 ≤ 𝑛. A nonparticipant 𝑖 obtains 𝑜𝑖, independently of
𝑆. A failed subscriber obtains 𝑜𝑖 − ℎ𝑖, with ℎ𝑖 ≥ 0. Thus a failed subscription either restores the
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outside value or consumes a stated holding cost; it pays no failure bonus. A member of a formed
program obtains 𝑢𝑖 (𝑆), inclusive of implementation and holding costs.

The central assumption is inclusion monotonicity:

𝑆 ⊆ 𝑇, 𝑖 ∈ 𝑆, |𝑆 | ≥ 𝑞 =⇒ 𝑢𝑖 (𝑇) ≥ 𝑢𝑖 (𝑆). (5)

Program payoffs and terms do not depend on the outside-value vector. Any outsider can join a
formed set. There is no endogenous rationing or admission veto. For example, 𝑢𝑖 (𝑆) = 𝑏𝑖 −
𝐹𝑤𝑖/

∑
𝑗∈𝑆 𝑤 𝑗 − ℎ𝑖, with fixed positive weights and fixed 𝐹 ≥ 0, satisfies (5). A falling cost

share is not sufficient if an additional participant also dilutes the member’s investment payoff; the
assumption concerns the net payoff.

Let 𝐸 (𝑜) be the pure Nash equilibrium correspondence. It is nonempty because all investors
remaining outside is an equilibrium: one subscriber cannot meet the threshold. Define

𝐿 (𝑜) = min
𝑆∈𝐸 (𝑜)

𝑊 (𝑆; 𝑜), 𝐻 (𝑜) = max
𝑆∈𝐸 (𝑜)

𝑊 (𝑆; 𝑜), 𝐺 (𝑜) = 𝐻 (𝑜) − 𝐿 (𝑜). (6)

No selection rule is imposed between the best and worst equilibria.

Theorem 1 (Compression). Under the stated threshold, exclusion, failed-subscription and mono-
tonicity assumptions, let 𝑜′ = 𝑜 + Δ𝑒𝑘 for Δ ≥ 0. Both bounds on highest-equilibrium welfare
change are sharp:

𝐿 (𝑜′) = 𝐿 (𝑜) + Δ, 𝐺 (𝑜′) ≤ 𝐺 (𝑜), Δ − 𝐺 (𝑜) ≤ 𝐻 (𝑜′) − 𝐻 (𝑜) ≤ Δ. (7)

Proof. All-outside gives
∑
𝑖 𝑜𝑖. In a formed equilibrium each member can exit and obtain 𝑜𝑖, so

every member receives at least his outside value. In a nonforming equilibrium a subscriber with
ℎ𝑖 > 0 would leave; subscribers who remain incur zero holding cost. Hence every nonforming
equilibrium also gives

∑
𝑖 𝑜𝑖, and 𝐿 (𝑜) =

∑
𝑖 𝑜𝑖.

Take any formed equilibrium 𝑇 under 𝑜′. At the old outside values its members remain willing
to participate. Admit an outsider whenever his payoff from joining is strictly above his old outside
value. Existing members’ payoffs cannot fall by (5); each admitted member is willing to remain.
The finite process ends at a formed old equilibrium 𝑆 ⊇ 𝑇 : no remaining outsider has a profitable
entry, and no member has a profitable exit.

The members of 𝑇 have weakly larger payoffs at 𝑆, the additional members have nonnegative
slack above their old outside values, and the old outside values are no larger than the new ones.
Therefore

𝑊 (𝑆; 𝑜) −
∑
𝑖

𝑜𝑖 ≥ 𝑊 (𝑇 ; 𝑜′) −
∑
𝑖

𝑜′𝑖 . (8)

Maximizing over new formed equilibria gives 𝐺 (𝑜) ≥ 𝐺 (𝑜′); if none forms, 𝐺 (𝑜′) = 0. Adding
the change in the floor gives the upper bound in (7). The lower bound follows from 𝐻 (𝑜′) ≥
𝐿 (𝑜′) = 𝐿 (𝑜) + Δ.
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For sharpness of the lower bound, take two investors, threshold two, formed payoffs (0.5, 10)
and outside values (0, 0). Raising the first outside value to 0.6 destroys formation. Highest welfare
changes from 10.5 to 0.6, exactlyΔ−𝐺. For the upper boundwith a positive gap, let a third investor
always prefer to remain outside a valuable two-member program. Increasing his outside value by
Δ leaves that program unchanged and raises highest welfare by exactly Δ. □

The theorem concerns the range of equilibriumwelfare, not a universal decline in its maximum.
With an unchanged membership, outsiders can become better off while the formed program re-
mains intact, so the highest equilibrium rises. At an exit threshold, the membership and the cost
shares can change discontinuously. Figure 1 displays both effects without choosing favorable
equilibria on one side of the change and unfavorable ones on the other.

3.2 Completion of an acceptable investment
Call a formed membership individually acceptable when 𝑢𝑖 (𝑆) ≥ 𝑜𝑖 for each member. The com-
parison uses the same outside alternatives, authority, resources and contract terms as the partic-
ipation game. Outsiders retain their outside values. An acceptable membership need not be an
equilibrium: another investor may wish to join. That distinction can be resolved constructively.

Proposition 2 (Binary equilibrium completion). Every individually acceptable formed member-
ship is weakly Pareto-dominated by a formed pure equilibrium. The all-outside allocation is itself
an equilibrium. Consequently, with A(𝑜) the family of individually acceptable formed member-
ships,

𝐺 (𝑜) = max

{
0, max
𝑆∈A(𝑜)

∑
𝑖∈𝑆

[𝑢𝑖 (𝑆) − 𝑜𝑖]
}
. (9)

The inner maximum is omitted if the family is empty.

Proof. Start with any acceptable 𝑆. If an outsider 𝑗 obtains strictly more than 𝑜 𝑗 from 𝑆 ∪ { 𝑗},
admit him. Existing members weakly gain by inclusion monotonicity, and the entrant strictly
gains. Repeat. At most 𝑛 − |𝑆 | admissions are possible. At termination, no outsider strictly gains
by joining and no member strictly gains by leaving. This is a Nash equilibrium weakly improv-
ing every investor’s original payoff. Ties require no admission: indifference already satisfies the
Nash condition. Every formed equilibrium is acceptable. Apply the construction to a surplus-
maximizing acceptable membership to obtain equality in (9); failed equilibria have the outside
floor as established in the compression proof. □

The construction reaches an equilibrium, not necessarily the greatest willing membership or
the best equilibrium from every starting point. An indifferent entrant may improve incumbents and
remain outside under this procedure. The equality of maxima follows by starting at an acceptable
maximizer, whose value cannot then be exceeded. This is the willing-membership logic of cross-
monotone participation (Juarez, 2013), used here to connect individual acceptability to the welfare
envelope.
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Equation (9) gives a second route to compression. Raising one outside value shrinks the ac-
ceptable family and lowers the surplus of every membership containing that investor; other mem-
berships’ surplus is unchanged. Its maximum therefore cannot rise. The continuous model below
obtains the same equality by a different construction. Neither construction applies automatically
to a game that rewards a failed subscription.

3.3 The complete game and increasing differences
Let 𝐷𝑖 (𝑆) be the difference between subscribing and staying outside when the other subscribers
are 𝑆. Before the threshold can be met, 𝐷𝑖 = −ℎ𝑖. Once the investor’s entry would form the
program, 𝐷𝑖 = 𝑢𝑖 (𝑆 ∪ {𝑖}) − 𝑜𝑖. Under inclusion-monotone formed payoffs, the complete game
has increasing differences exactly when

𝑢𝑖 (𝑇) ≥ 𝑜𝑖 − ℎ𝑖 for every minimal formed membership 𝑇 containing 𝑖. (10)

If the first formed membership gives less than the failed-subscriber payoff, the incremental return
to subscribing falls at the threshold. Otherwise it rises or stays constant and then follows formed-
payoff monotonicity. Appendix A proves this equivalence. Standard strategic-complementarity
results apply in the latter region. Compression applies to the stated welfare envelope even when
this transition condition fails. Thus ordering payoffs inside formed memberships, ordering full-
game incentives, and bounding welfare are distinct claims.

3.4 The largest viable membership
A formed set is individually willing if 𝑢𝑖 (𝑆) ≥ 𝑜𝑖 for every member. The family of such sets is
closed under union: any member of either set remains at least as well off in their union by (5). If
any willing formed set exists, its union 𝑆∗(𝑜) is therefore the largest one. It is an equilibrium. An
outsider who could profitably enter would create a larger willing set, contradicting maximality.

The payoff vector at 𝑆∗(𝑜) weakly dominates that at every other pure equilibrium. Members
of another formed equilibrium receive at least as much in 𝑆∗; additional members receive at least
their outside values. Thus 𝑆∗ attains 𝐻 (𝑜). An increase in outside values removes willing sets and
cannot add them, so 𝑆∗(𝑜′) ⊆ 𝑆∗(𝑜) whenever both exist. This gives a useful algorithm: begin
with all investors, delete those who are unwilling at current terms, and repeat until the remaining
set is willing or falls below the threshold.

This construction is the direct link to the cost-sharing literature. The largest willing served set
and its monotonicity are established features of cross-monotone mechanisms (Juarez, 2013). Our
participation game does not inherit those mechanisms’ reporting incentives merely because its
equilibrium has the same order structure. An investor may manipulate his declared outside value,
and the computed willingness test is not a truthful elicitation procedure.
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3.5 Excess separation and the distribution band
In the sharp lower-bound example, the program still yields 10.5 after the outside improvement,
while all-outside yields only 0.6. A transfer slightly above 0.1 from the second member to the
first would restore individual willingness if permissible. The loss of formation is a distribution
problem, not a disappearance of resources or gross investment value.

For a fixed membership 𝑆, define initial slack 𝑠𝑖 = 𝑢𝑖 (𝑆) − 𝑜𝑖. If only member 𝑘 receives an
outside improvement Δ, he ceases to be willing when Δ > 𝑠𝑘 . The same allocation continues to
create aggregate surplus relative to the new outside alternative while

𝑠𝑘 < Δ <
∑
𝑖∈𝑆

𝑠𝑖 . (11)

Within this interval, individual exit can destroy positive total surplus. A permitted redistribu-
tion may preserve it. With other members’ outside values also changing, the aggregate com-
parison uses the sum of their changes. With potential entrants or new investment choices, the
fixed-membership thresholds must be recomputed rather than treated as global cutoffs.

The term excess separation describes this comparison with a jointly attainable, individually ac-
ceptable alternative under a stated contract class. It does not imply that an investor has too much
authority or that an institution may compel him to remain. In particular, a program with posi-
tive aggregate surplus can remain unimplementable when transfer restrictions, legal exclusions or
missing funding prevent compensation.
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Figure 1: Compression and institutional response. Five investors share a program with minimum
membership three and fixed formation cost 30. Outside values rise with 𝜃; gross participation
values and program cost remain fixed. Panel A shades the range between extreme pure equilibria.
Panel B shades the gap recoverable by the declared named, all-accept contract class, after admin-
istration costs and bounded balanced transfers. Support in one equilibrium is sufficient for that
curve; formation in every equilibrium is not asserted. Curves connect 401 computed parameter
values; exact discontinuities lie between adjacent samples. All quantities are synthetic CE gains
in thousands of dollars.
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4 Continuous portfolios and the scope of compression

4.1 Interior allocations and indispensable capital
An investor who improves his outside investment need not withdraw his entire shared allocation.
To distinguish adjustment from formation, let investor 𝑖 choose a continuous contribution 𝑞𝑖 ∈
[0, 𝑏𝑖]. The program forms if

∑
𝑖 𝑞𝑖 ≥ 𝐾 . Capacities satisfy

∑
𝑖 𝑏𝑖 ≥ 𝐾 and

∑
𝑗≠𝑖 𝑏 𝑗 < 𝐾 for every

𝑖: every investor is indispensable, even though his contribution is divisible. Capacities are net of
protected intermediate liquidity and existing obligations. Fixed formation-cost shares are paid on
success. They do not change with other investors’ chosen quantities.

The formed payoff is 𝑂𝑖 + 𝑓𝑖 (𝑞𝑖), where 𝑂𝑖 is the optimized outside-option value. The in-
cremental function 𝑓𝑖 is continuous and strictly concave, with a unique maximizer 𝑑𝑖 ∈ (0, 𝑏𝑖)
and 𝑓𝑖 (0) < 0. The negative intercept represents a fixed participation expense, charged only if a
positive participation forms. A failed reservation refunds capital but consumes 𝜌𝑖𝑞𝑖, with 𝜌𝑖 > 0,
giving payoff 𝑂𝑖 − 𝜌𝑖𝑞𝑖. There is no aggregate upper capacity or congestion. Preferences over the
formed portfolio are separable across investors after the fixed expense shares have been assigned.

These assumptions admit genuine mixing. One representation is

𝑓𝑖 (𝑞; 𝑡) = 𝑃𝑖 (𝑞) + 𝑣𝑖 (𝐵𝑖 − 𝑞; 𝑡) − 𝑣𝑖 (𝐵𝑖; 𝑡) − 𝐹𝑖 − 𝜌𝑖𝑞. (12)

Here 𝑃𝑖 is the value of the shared position, 𝑣𝑖 is the value of an outside investment he can retain
alongside it, 𝐵𝑖 is available investment capital and 𝐹𝑖 is his fixed expense share. Concavity of the
portfolio components produces concavity of 𝑓𝑖; a strictly concave component gives strictness. A
separate liquid reserve is retained before determining 𝐵𝑖 and 𝑏𝑖. The representation is an admissi-
ble reduced-form portfolio valuation, rather than a claim that arbitrary correlated risks decompose
this way.

Theorem 3 (Continuous formation and individual acceptability). In this indispensable-cohort
game, all-zero is the only failed pure equilibrium. A formed profile 𝑞 is a pure equilibrium exactly
in either of these cases:

1.
∑
𝑖 𝑞𝑖 > 𝐾 , 𝑞𝑖 = 𝑑𝑖 and 𝑓𝑖 (𝑑𝑖) ≥ 0 for every 𝑖;

2.
∑
𝑖 𝑞𝑖 = 𝐾 , 𝑞𝑖 ≥ 𝑑𝑖 and 𝑓𝑖 (𝑞𝑖) ≥ 0 for every 𝑖.

If all peaks 𝑓𝑖 (𝑑𝑖) are nonnegative, define

𝑅𝑖 = max{𝑞 ∈ [𝑑𝑖, 𝑏𝑖] : 𝑓𝑖 (𝑞) ≥ 0}. (13)

11



A formed equilibrium exists if and only if all peaks are nonnegative and
∑
𝑖 𝑅𝑖 ≥ 𝐾 . Moreover,

every individually acceptable formed allocation is weakly Pareto-dominated by a formed equilib-
rium. Consequently the best pure-equilibrium surplus above the outside floor is

𝐺 = max
0, max

0≤𝑞𝑖≤𝑏𝑖 ,
∑

𝑖 𝑞𝑖≥𝐾
𝑓𝑖 (𝑞𝑖)≥0 ∀𝑖

∑
𝑖

𝑓𝑖 (𝑞𝑖)
 , (14)

with the inner value absent when its feasible set is empty.

The proof uses two properties. In a failed profile, a positive reservation can be canceled to
avoid its expense. At a formed profile with slack, a quantity away from 𝑑𝑖 can move toward
it without destroying formation. Exactly at the threshold, a quantity below 𝑑𝑖 can be increased
profitably, whereas any reduction destroys formation. A contribution above 𝑑𝑖 can therefore be
sustained by the shared threshold, provided its payoff remains individually acceptable.

The welfare equality is a substantive limit. Starting from an acceptable allocation, first raise
quantities below their individual maxima. If the sum of the maxima reaches 𝐾 , the vector 𝑑 im-
proves everyone weakly. Otherwise reduce only quantities above their maxima until the threshold
binds. These reductions improve their owners’ payoffs and yield an equilibrium. The best accept-
able allocation is therefore already supported by the baseline game. The coordinator can improve
a selected bad equilibrium, but cannot claim an additional portfolio-optimization gain over the
best one under these same terms.

The equilibrium set need not possess a greatest quantity vector. With two investors, capacities
one, 𝐾 = 1.6 and 𝑑1 = 𝑑2 = .6, suitable strictly concave positive participation values support
(.6, 1) and (1, .6). Their componentwise maximum (1, 1) is not an equilibrium: a small reduction
moves an investor toward his preferred quantity while formation remains slack. Membership
monotonicity in the binary game does not establish a lattice of continuous contributions.

4.2 Two technological changes
An improvement available only upon complete exit raises 𝑂𝑖 by 𝛿𝑖 and subtracts 𝛿𝑖 from every
positive-participation incremental value. A mixable outside improvement enters both terms in-
volving 𝑣𝑖 in (12). They are different experiments. If 𝑣𝑖 has increasing differences in retained
capital and technology, the larger all-outside capital position benefits at least as much as any
𝐵𝑖 − 𝑞. Thus 𝑓𝑖 (𝑞; 𝑡′) ≤ 𝑓𝑖 (𝑞; 𝑡) pointwise when technology improves. In a differentiable interior
model, 𝑣𝑤𝑡 ≥ 0 gives 𝑓𝑞𝑡 = −𝑣𝑤𝑡 ≤ 0 and a nonincreasing preferred contribution 𝑑𝑖. This is a
standard monotone-comparative-statics argument (Milgrom and Shannon, 1994); concavity alone
does not supply the sign.
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Corollary 4 (Continuous compression). Keep the cohort, capacities, threshold and failed-
reservation rule fixed. Suppose 𝑂′

𝑖 ≥ 𝑂𝑖 and 𝑓 ′𝑖 (𝑞) ≤ 𝑓𝑖 (𝑞) pointwise, with both economies
satisfying Theorem 3. Let Δ =

∑
𝑖 (𝑂′

𝑖 −𝑂𝑖). Then

𝐿′ = 𝐿 + Δ, 𝐺′ ≤ 𝐺, Δ − 𝐺 ≤ 𝐻′ − 𝐻 ≤ Δ. (15)

The new individually acceptable set is contained in the old one and its objective is weakly
lower at every common allocation. Equation (14) therefore gives 𝐺′ ≤ 𝐺. This proof does not
require a greatest equilibrium quantity vector. It also identifies the boundary: declining per-unit
charges, changing capacities or a more attractive complementary hedge do not by themselves give
the required pointwise order. A hedge that is especially useful while holding the shared investment
can increase 𝑓𝑖, and the equilibrium gap can expand even if the outside value also rises.

4.3 A cliff with interior mixed portfolios
A four-investor example gives each investor two units of available risky capital and a separate
half-unit protected liquid reserve. One capital unit is $100,000. Each investor also has a sep-
arate $20,000 expense account available on identical terms to every route; fixed formation and
reservation expenses are paid from that account, and unused cash remains liquid. Shared capaci-
ties are (1, 1.1, .9, 1.2) and the program needs 3.5 units. Payoffs below are thousands of dollars.
Incremental values are

𝑓𝑖 (𝑞𝑖; 𝜃) = 𝐴𝑖 (𝜃)𝑞𝑖 − 10𝑞2
𝑖 − 𝐹𝑖, (16)

where 𝐴(𝜃) = (17 − 𝜃, 18.4, 15.6, 20) and 𝐹 = (6, 2, 2, 2). These values arise from (12) with
a quadratic outside investment, a concave shared investment and reservation expense .2𝑞𝑖. Only
investor 1’s outside technology improves. His outside value rises by 2𝜃; the other outside values
remain 12. The investment changes no legal constraint or authority.

At 𝜃 = 0, preferred contributions are (.85, .92, .78, 1), totaling 3.55. Every choice is
interior, every portfolio retains the outside investment and liquid reserve, and the threshold
is slack. At 𝜃 = 1.5, the best equilibrium instead binds the threshold, with contributions
(.78125, .92625, .78625, 1.00625). At 𝜃 > 17 −

√
240 ≃ 1.5081, investor 1’s best participation

gain becomes negative, so no formed equilibrium remains. Immediately beyond that threshold
the program still yields more than $18,000 of aggregate incremental value at the unconstrained
coordinated allocation. Partial adjustment precedes the cliff but does not eliminate it.

A distinct three-investor case isolates a capital shortfall without a negative peak. Let 𝑏𝑖 = 2,
𝐾 = 4.7, 𝑑 = (.5, 1.5, 1.5) and 𝑓𝑖 (𝑞) = 𝑎𝑖 − (𝑞 − 𝑑𝑖)2 with peaks 𝑎 = (.2, 2, 2). Initially
the largest acceptable quantities sum to 4.9472. An exit-only improvement of .17 for investor 1
reduces that sum to 4.6732, below the threshold, although all peaks remain positive. The feasible
allocation (.7, 2, 2) still has increments (−.01, 1.75, 1.75), totaling 3.49. Compensating a $10 loss
can preserve $3,490 of aggregate surplus in this synthetic economy. Neither a smoother optimizer
nor a better equilibrium-selection device supplies that compensation by itself.

13



4.4 Congestion, entry and overlapping opportunities
Scale economies concern the contractual effect of an entrant on incumbents’ net payoffs. In a three-
investor congestion example, membership charges rise with the number of participants. Raising
one investor’s outside value by 6 increases the best equilibrium from 20 to 30 and the equilib-
rium gap from 16 to 20. Exit relieves congestion. This is a counterexample to an unrestricted
compression claim, rather than a sign theorem for all substitute participants.

Entry is excluded from the indispensable-cohort characterization and can change it materially.
An entrant may replace a departing investor, improve cost shares or supply enough acceptable
capital to keep formation feasible. The fixed-membership pivotal condition must then be recom-
puted. A capable conventional custom vehicle with the same admissible allocations and contracts
reproduces the modeled outcome.

The preserved overlapping-program experiment permits four investors to divide their capital
between two programs. Reducing program B’s formation cost from 12 to 2 changes the best
equilibrium welfare from 37 to 28 while raising coordinated welfare from 37 to 39. The improved
coordinated allocation uses both programs in two investors’ portfolios. Half-unit and quarter-unit
grids reproduce these extrema. This is a fixed-price numerical counterexample, not a general-
equilibrium result: capital constraints connect the programs, but prices and supplier entry are not
determined jointly.

The new continuous characterization is analytic. Verification separately checks 193,116 quan-
tity profiles against analytic unilateral deviations and 400 pointwise payoff deteriorations. An
independently written evaluator checks 538,002 profiles in 810 additional quadratic games. Re-
fining the canonical allocation grid to 1/160 of a capital unit leaves maximum investor CE error
below $0.18 and aggregate error below $0.04 relative to the analytic solution, within the $25 and
$100 acceptance thresholds. Economic minimums and fixed expenses are kept distinct from these
numerical grids.

4.5 A common welfare argument and its boundary
The binary and continuous constructions give the same economic conclusion without requiring
the same strategic order. In the binary game, profitable entry raises existing members’ payoffs.
In the continuous game, moving contributions toward their private maxima preserves formation
and improves their owners’ payoffs. Each sends every acceptable formed allocation to a weakly
dominating equilibrium in finitely many coordinate changes. Both games contain the all-outside
equilibrium, and their other equilibria cannot lie below its aggregate payoff.

Let 𝑎 denote a membership in the first model and a contribution vector in the second. Write
𝑔𝑖 (𝑎) for investor 𝑖’s payoff increment over the common outside baseline, with zero increment
for a nonparticipant. In either model the equilibrium gap equals the maximum of

∑
𝑖 𝑔𝑖 (𝑎) over

technologically feasible allocations with 𝑔𝑖 (𝑎) ≥ 0 for every investor, including the no-program
allocation. If technology leaves that feasible domain fixed and lowers every incremental pay-
off pointwise, the acceptable domain shrinks and its objective falls. Compression follows. This
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shared argument is an implication of the two constructions, rather than an independent theorem
obtained by assuming equilibrium completion.

The boundary is substantive. With congestion, an entrant can gain while making an incumbent
worse off, so completing a membership need not dominate the initial allocation. If admission
changes price, share class or an existing member’s cost obligations, the monotonicity step must be
tested on the changed net payoff. If purported outside choices compete for the same scarce capital
or opportunity, the vector of separate maxima may not be jointly available. In that case its sum
is not an attainable equilibrium floor. These failures concern different assumptions; numerical
optimization cannot repair any of them by relabeling the comparison.

The conclusion also separates computation from contracting. Within these two baseline
classes, a coordinator that discovers a better acceptable allocation has discovered an equilibrium
the game already supports. His economic contribution must be the cost of finding it, its selection,
credible performance, or a permissible change to terms. When the unrestricted optimum imposes
a loss on a pivotal investor, transfers may expand the acceptable set. They do not follow from a
right to act on that investor’s behalf.

5 Transfers, assurance and credible funding

5.1 The information-only boundary
Uncertainty about other investors’ willingness is different from uncertainty about whether a
formed investment pays. Consider finitely many investors with private types drawn from a
common prior. A type specifies an outside-option value and may also specify risk preferences.
Investors observe their own types and any signals permitted by the information structure. If no
investor can meet the formation requirement alone and signing an unsuccessful subscription gives
no positive net reward, universal refusal is a Bayesian equilibrium. Given that everyone else
refuses at every type, signing cannot form the program and cannot improve the investor’s payoff.
This argument applies at every information set. Greater signal precision, public disclosure of
willingness or a recorded expression of interest does not remove this equilibrium.

Global-games selection changes additional primitives. In Sákovics and Steiner (2012), a noisy
fundamental affects the investment threshold and the support includes regions of dominance. The
limiting selection and the identity of important participants follow from that structure. Morris and
Shin (2003) makes the role of dominance regions explicit. The present fixed-threshold financial
game retains states in which one investor is physically unable to form the program regardless of
his information. A uniqueness claim therefore requires a contract or another specified change to
incentives; it does not follow from adding noise to private outside values.
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5.2 A declared class of conditional contracts
Fix a cohort 𝐶 of 𝑚 ≥ 2 investors, positive tickets 𝑞𝑖 and a minimum 𝐾 . The cohort is minimal
winning: ∑

𝑖∈𝐶
𝑞𝑖 ≥ 𝐾,

∑
𝑗∈𝐶\{𝑖}

𝑞 𝑗 < 𝐾 (𝑖 ∈ 𝐶). (17)

Each investor signs or refuses a public contract. Signing binds him to the specified ticket if the
contractual conditions are met. No private type is reported. Types are finite, every own type
has positive marginal probability, and their common prior may be correlated. Conditional on
an investor’s own type, his payoff from full subscription does not depend on the other investors’
private types. Thus private outside opportunities are allowed, but interdependent information
about the investment’s return is not.

All signatures trigger a funding attempt. A separately verifiable condition 𝑍 succeeds with
probability 𝑝 > 0, independently of the type profile. For a signer, 𝑠𝑖 (𝑡𝑖) is his success-state
gain over his type-specific outside portfolio before a fixed success transfer 𝑇𝑖. Signing consumes
expense ℎ𝑖 ≥ 0 in every state. If the cohort fails to sign, the signer receives 𝛽𝑖 ≥ 0. If everyone
signs but 𝑍 fails, he receives 𝛾𝑖 ≥ 0. On success he receives 𝑠𝑖 (𝑡𝑖) + 𝑇𝑖. Non-signers retain their
outside option. Strategic failure and external funding failure are observable contractual events,
not labels assigned from private types.

Let 𝐷𝑖 (𝑡𝑖) denote the expected-utility gain from signing when everyone else signs, integrating
over 𝑍 . Let 𝑒𝑖 (𝑡𝑖) denote the utility gain from the sure strategic-failure receipt 𝛽𝑖 − ℎ𝑖. Strictly
increasing utility implies that 𝑒𝑖 has the sign of 𝛽𝑖−ℎ𝑖. At an arbitrary belief the gain from signing
is a probability-weighted average of 𝐷𝑖 and 𝑒𝑖. This reduction is why the timing, independent
funding event and private-values restrictions matter.

Theorem 5 (Bayesian subscription under funded assurance). In the stated closed-cohort game, all
investors sign at every positive-probability type in every Bayesian Nash equilibrium if and only if

𝐷𝑖 (𝑡𝑖) > 0 for every 𝑖, 𝑡𝑖, #{𝑖 : 𝛽𝑖 ≤ ℎ𝑖} ≤ 1. (18)

The statement includes mixed equilibria. It guarantees subscription; the specified funding attempt
still succeeds with probability 𝑝.

For sufficiency, the investors with 𝛽𝑖 > ℎ𝑖 strictly prefer signing whether the other signatures
arrive or not. At least 𝑚 − 1 investors therefore sign at every type. The remaining investor then
strictly prefers signing by 𝐷𝑖 > 0. For necessity, a negative 𝐷𝑖 defeats universal signing; two
weakly assured investors can refuse together without either being able to complete the cohort
alone. The zero case is more subtle. A type with 𝐷𝑖 = 0 can mix, and sufficiently infrequent
refusal preserves the remaining investors’ willingness. Appendix A gives the complete argument,
including correlated types.

Strictness is economically consequential. A contract can have a unique fully subscribed pure
equilibriumwhile also having amixed equilibriumwith incomplete subscription. In a two-investor
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boundary example, full-sign utility gains are (0, 1) and strategic-failure gains are (1,−1). All-sign
is the only pure equilibrium. The first investor signing with probability 3/4 and the second always
signing is also an equilibrium. Reporting only pure equilibria would incorrectly certify universal
implementation.

Binding commitments prevent accepted tickets from being revised unilaterally; they do not
force investors to accept. Ordinary subscriptions and publicly recorded binding subscriptions re-
tain universal refusal. Formation-contingent transfers can make full subscription attractive with-
out removing refusal. Assurance can remove refusal without making an unattractive successful
investment acceptable. The theorem states precisely when both margins have been addressed
within this class.

5.3 Risk preferences, participation prices and transfer limits
A useful financial specialization uses CARA preferences over an incremental payment lottery that
is independent of residual background wealth. Let 𝑎𝑖 > 0 be fixed across investor 𝑖’s own types.
His conditional certainty-equivalent gain from signing when everyone else signs is

𝐶𝑖 (𝑡𝑖) = − 1
𝑎𝑖

log
[
𝑝𝑒−𝑎𝑖 (𝑠𝑖 (𝑡𝑖)+𝑇𝑖) + (1 − 𝑝)𝑒−𝑎𝑖𝛾𝑖

]
− ℎ𝑖 . (19)

Its sign is the sign of 𝐷𝑖 (𝑡𝑖). A CE already integrating a correlated background risk cannot simply
be substituted into this lottery with physical probabilities. When funding and background wealth
covary, the full terminal-wealth distribution must be evaluated instead.

Write 𝑠min
𝑖 = min𝑡𝑖 𝑠𝑖 (𝑡𝑖). If 𝑒−𝑎𝑖ℎ𝑖 − (1 − 𝑝)𝑒−𝑎𝑖𝛾𝑖 > 0, strict participation at every type is

equivalent to

𝑇𝑖 > 𝑟𝑖 ≡ −𝑠min
𝑖 − 1

𝑎𝑖
log

(
𝑒−𝑎𝑖ℎ𝑖 − (1 − 𝑝)𝑒−𝑎𝑖𝛾𝑖

𝑝

)
. (20)

If the numerator is nonpositive, no finite success-only transfer suffices. A large payment in the
successful state cannot undo the utility cost of sufficiently likely uncompensated failure. For ex-
ample, with 𝑝 = .1, 𝑎𝑖 = 1, ℎ𝑖 = 1 and 𝛾𝑖 = 0, the largest possible CE gain is −1 − log(.9) < 0.
The risk-neutral limit of the floor is [ℎ𝑖 − (1− 𝑝)𝛾𝑖]/𝑝− 𝑠min

𝑖 . With private risk aversion, compute
the floor separately by type and take its maximum.

Bounded success transfers must satisfy every worst-type participation floor while balancing
collectible cash in the success state. The Internet Appendix gives the exact strict-slack feasibil-
ity program and four-investor calculations. Cash balance does not make their ex-ante certainty-
equivalent effects cancel: success transfers also reallocate risk. Administration and collection
costs enter the same comparison.
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5.4 The resources behind assurance
For 𝛾𝑖 = 0, the smallest strategic-failure reserve has a simple characterization. Conditional on
strict full-sign willingness, its infimum within the declared nonnegative-bonus class is

𝑅inf
sel =

∑
𝑖∈𝐶

ℎ𝑖 − max
𝑖∈𝐶

ℎ𝑖 . (21)

Leave a highest-expense investor unassured, give every other investor ℎ𝑖 + 𝜀, and let 𝜀 approach
zero. Those 𝑚 − 1 payments are simultaneously due if the remaining investor refuses. Necessity
follows because at least 𝑚 − 1 investors must be strictly assured. The infimum generally is not
attained: exact equality restores a refusal equilibrium. This is an infimum over the stated closed
cohort and payment class, not over all sequential mechanisms or possible cohorts.

The reserve is a maximum credible promise. Its equilibrium payout is zero when universal
subscription is implemented, yet its carrying cost need not be zero. If external failure also pays
𝛾𝑖, a supported all-sign failure state requires

∑
𝑖 𝛾𝑖. Taking the maximum of that amount and the

strategic reserve is valid only when the states are mutually exclusive and the same funded reserve
can legally be reused at the relevant dates. Capital needed to buy the investment is separate.

For required cash 𝐾 (ℓ) and collectible internal funding 𝐵(ℓ) at settlement, a cash backstop
needs maximum capacity maxℓ [𝐾 (ℓ) − 𝐵(ℓ)]+. Expected payout averages the state shortfalls;
an economic price values them using the provider’s state prices; carrying cost prices capital held
ready. A cash backstop cannot repair missing issuer consent or ineligible ownership. The distinc-
tion follows the aggregate-resource logic of Holmström and Tirole (1998). Accepted obligations
also survive a later preference change or revocation of permission for new transactions.
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Table 1: Institutional diagnosis: different failures require different promises
Failure Relevant instrument Exact boundary

Selection Funded strategic-failure bonus Full-sign utility must be strictly positive.
All but at most one indispensable
investor need a bonus exceeding expense.

Participation Success-contingent transfer The worst-type transfer floor must be
finite and compatible with transfer limits
and the budget.

Cash funding Prefunding or collectible backstop Sufficient cash must arrive in every
covered state. Maximum capacity,
expected payout and price differ.

Permission or
consent

Current grant and satisfied legal
condition

Compensation does not enlarge
authority; cash does not cure missing
consent.

Quantity revision Binding accepted ticket A new preference cannot rewrite
acceptance; expiry can block a new
contract.

The Bayesian characterization concerns a closed minimal cohort and observable failure categories. An
assurance reserve pays contingent bonuses; it is not the capital required to purchase the investment.
Support in an all-accept equilibrium is weaker than implementation in every equilibrium.

5.5 What is inherited from contracting theory
Tabarrok (1998) already establishes assurance with excludable goods, private values and subscrip-
tion costs. Halac, Kremer and Winter (2020) develops a substantially richer capital-assembly
problem with heterogeneous investment sizes, success and failure payments, issuer capital and
unique implementation. Its iterative-dominance argument is a close antecedent. Segal (2003) and
Bernstein and Winter (2012) study differentiated contracting with externalities and the cost of re-
cruitment. Bernstein and Winter also discuss success rewards paired with failure reimbursement.
The current closed-cohort result does not replace these mechanisms or their optimal-contracting
analyses.

Its narrower role is an exact classification with finite private outside values, ordinary mixed
equilibria, separately verifiable strategic and funding failures, strict participation, bounded trans-
fers and a funded-reserve infimum. The ability to distinguish failure causes is itself a contractual
assumption. If it cannot be verified, the payment class must change. The theorem does not identify
an optimal ownership structure for the coordinator, establish truthful elicitation of hidden types
or prescribe the cheapest mechanism outside this class.
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6 Cost incidence and institutional evidence

6.1 Cost incidence at the pivotal investor
Write a member’s formed payoff as 𝑏𝑖 − 𝜙𝑖 (𝑆), where 𝜙𝑖 includes his real implementation bur-
den and any fixed allocation of shared costs. Consider changes Δ𝑜𝑖 in outside values and 𝜙′𝑖 in
those burdens, holding the proposed membership and gross values fixed. Individual willingness
is preserved exactly when

Δ𝑜𝑖 ≤ 𝑠𝑖 + 𝜙𝑖 (𝑆) − 𝜙′𝑖 (𝑆) for every 𝑖 ∈ 𝑆. (22)

This is a member-by-member condition. It says nothing about whether an outsider wishes to enter
or whether the resulting allocation remains coalition-stable. An entrant who reduces charges can
keep amember participating beyond the fixed-set cutoff. A change in supplier pricing can consume
the implementation saving before it reaches members.

Let 𝑑sep
𝑖 be the reduction in the cost of a specified outside route and 𝑑sh

𝑖 the reduction in the
member’s cost within the shared arrangement. If these changes alone affect the comparison, (22)
becomes

𝑑
sep
𝑖 − 𝑑sh

𝑖 ≤ 𝑠𝑖 . (23)

The relevant incidence is the net gain from separation relative to sharing. A uniform proportional
technological improvement need not produce uniform dollar savings. But a claim that the most
distinctive mandate is necessarily pivotal requires an additional relationship between complexity,
costs and existing slack. We test cost incidence by measured complexity and leave that correlation
as an empirical question.

6.2 Proportional savings and endogenous membership
Let initial separate and allocated shared processing costs be 𝑐sep

𝑖 and 𝑐sh
𝑖 . A proportional reduction

𝜃 in both gives net incidence 𝜃 (𝑐sep
𝑖 − 𝑐sh

𝑖 ). For a fixed membership with initial slack 𝑠𝑖, continued
willingness requires

𝜃 (𝑐sep
𝑖 − 𝑐sh

𝑖 ) ≤ 𝑠𝑖 for every member 𝑖. (24)

Among members with positive cost differences, the first fixed-set departure occurs at the smallest
ratio 𝑠𝑖/(𝑐sep

𝑖 − 𝑐sh
𝑖 ). A common percentage saving can therefore have a concentrated participa-

tion effect. A complex mandate is pivotal only if its cost incidence is large relative to its slack.
Complexity alone is not a theorem about departure.

The ratio describes a fixed proposed membership. Under open entry, a new investor may
reduce charges and preserve a participant whowould otherwise leave. Figure 2 recomputes the full
equilibrium correspondence as both outside and shared costs change; it does not extend a fixed-set
cutoff beyond its assumptions. Its participation panel reports the largest willing set at each point.
Entry is permitted, although this illustrated path starts with all five investors and exhibits only
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departures. A separate saved entry case starts with gross values (12, 12, 12, 5), outside values
(1, 1, 1, 0), threshold three and expense 24(1 − 𝜃). The fourth investor initially stays outside; he
joins at 𝜃 = 1/6, when his charge falls to 5. The largest willing membership then expands from
three to four. This countercase shows why fixed-set exit ratios are not a general entry model.

The figure’s synthetic five-investor economy has gross formed values (12, 13, 11.4, 12.75, 12)
and outside values 𝜃 (4, 8, 12, 18, 26), in thousands of dollars. It needs three members. Figure
1 holds the common cost at 30; Figure 2 reduces it to 30(1 − 𝜃). A capable ordinary provider
receives the same information, costs and implementation opportunities. No forecast advantage or
private-return premium enters either comparison.
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Figure 2: Cost incidence and membership. Common expense falls from 30 to 30(1 − 𝜃) while
outside values rise to 𝜃 (4, 8, 12, 18, 26). Panel A enumerates every pure equilibrium at each point.
Panel B marks membership in a largest best formed equilibrium, retaining ties. Entry is permitted
in the calculation; this particular path exhibits only departures. All values and membership points
come from the saved five-investor economy.
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6.3 Supportability and compensation
For a fixed proposed net allocation 𝑔𝑖 and transfer bounds 𝑇 𝑖 ≤ 𝑇𝑖 ≤ 𝑇 𝑖, a balanced participation
transfer exists exactly when

ℓ𝑖 = max{𝑜𝑖 − 𝑔𝑖, 𝑇 𝑖} ≤ 𝑇 𝑖 ∀𝑖,
∑
𝑖

ℓ𝑖 ≤ 0 ≤
∑
𝑖

𝑇 𝑖 . (25)

This is feasibility of intervals with a zero sum. Real administrative expenses are first subtracted
from the proposed allocation. A dated cash payment also requires liquidity at its payment date,
not only terminal surplus.

Figure 1 permits named-member contracts with unanimous acceptance, transfers bounded by
$3,000 per member and an administrative charge of $400 plus $40 per member. Administration
is charged only if formation succeeds; failed negotiation has zero administrative cost in this illus-
tration. The plotted recoverable gap is net of those costs. Excluded investors cannot enter that
particular closed contract unilaterally. The class includes baseline open participation, so support-
ability cannot be worse than the baseline. These contracts support an all-accept equilibrium; they
do not by themselves eliminate all-reject. Section 5 supplies the stronger implementation test.

A computed externality is not automatically an admissible charge. In particular, the ability to
evaluate aggregate gains does not authorize restricting an investor’s outside route. Fixed transfers,
their budget and their acceptance game must be specified. Coalition stability is another condition:
a mutually acceptable allocation can still be blocked by a subgroup with a better feasible arrange-
ment. Neither a pure Nash equilibrium nor budget balance establishes that stronger property.

6.4 An institutional illustration: FirstMark and Starry
FirstMark’s combination with Starry separates participation rights, financing conditions and real-
ized cash in a single documented transaction. The October 6, 2021 agreement required at least
$300 million of defined closing cash. Its definition added trust and other surviving-company cash,
subtracted redemptions, and included actually received PIPE and additional equity proceeds; it
excluded the proposed convertible notes. The notes themselves depended on the cash condition.
A nominal $150 million note commitment therefore could not fill the condition on which its own
funding depended (FirstMark et al., 2021; FirstMark, 2022b).

The institutional response changed both incentives and terms. March 9 non-redemption agree-
ments exchanged specified shareholders’ redemption waivers for additional shares conditional
on closing. The company later reported 422,108 such shares. PIPE and Series Z amendments
lowered the issue price from $10 to $7.50 and required delivery into escrow before closing. On
March 28 the merger parties waived the minimum-cash condition and contemplated debt payoff,
and acknowledged that the convertible-note financing would not close. The related credit amend-
ment permitted the existing Starry debt to remain subject to its own conditions, including at least
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$160 million of defined closing cash. These were documented changes to obligations, rather than
additional capital implied by earlier expressions of interest (Starry, 2022a,b,e,d).

The March 29 closing and subsequent accounting must also be kept distinct. The first-quarter
report records $176.282 million of gross proceeds, including $36.282 million of FirstMark trust
and cash and $140 million of PIPE and Series Z financing. Subtracting $12.507 million of trans-
action costs paid during the period gives $163.775 million of cash-flow net proceeds. Subtracting
the $18.499 million combined transaction-cost measure instead gives $157.783 million. Neither
number is the $110.930 million equity-accounting entry, which also reflects separately presented
Series Z conversion, warrant liabilities and other adjustments. The appendix reconciles these def-
initions and records the additional $2.973 million incentive and legal expense separately (Starry,
2022g).

The case identifies contractual mechanisms, not an estimate of compression. Redemptions
do not establish an exogenous increase in outside-option quality. The non-redemption shares are
a success-contingent participation incentive, not a strategic-failure bonus. Waiving a threshold
changes the game; closing after the waiver is not formation under the original terms. Nor does
closing establish positive investor surplus. The useful observation is that an investment’s existence
depended on separately held rights, amended participation terms and collectible funding, each
documented at a different time.

6.5 The technological margin
The accompanying methods report compares separate and shared processing of the same four-
investor histories (Komkov, 2026). Persistent records reduce repeated retrieval. Shared process-
ing has lower recorded inference-cost levels; the tested records-and-validation change saves more
in separate processing. The experiment measures one component of the 𝑑𝑖−𝑐𝑖 comparison, not the
cost of a complete investment office. Successful primary contexts reach the measured semantic-
extraction ceiling, and most exact-output improvement is abstention normalization. Service fail-
ures account for positive primary downstream regret.

These findings make the AI mechanism symmetric. Reusable common evidence can lower
the level of shared costs while persistent individual records disproportionately reduce duplicated
work outside. Neither fact establishes the sign of a particular investor’s participation response.
That response also depends on cost allocation, pass-through, review, the existing participation
slack and whether the outside investment can coexist with the program. A provider that retains a
saving as margin changes his own surplus without necessarily changing investor incentives.

The experiment’s scale is deliberately narrow: 64 synthetic economic worlds, with repeated
investors and checkpoints within each world, plus an exploratory public-document slice. The
methods report preserves recorded usage, assumed review prices and model-implied regret as
distinct objects. Its one shared-response timeout affected several investors; it does not estimate
economy-wide error correlation. The research task is to measure how an organizational technol-
ogy changes attainable participation, rather than attach a return premium to the use of AI.
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6.6 What would identify the mechanism?
The theory predicts responses to contractual effects, not to asset-class labels. A private fund
seeking its first close can be limited by minimum scale; the same manager’s mature co-investment
may be congested. A secondary purchase may depend on enough eligible sellers and compatible
buyers, or its supply may already be rationed. A credit facility may require a minimum committed
amount and then encounter concentration limits. A broad public-securities portfolio often has
slack formation requirements, but a specialized mandate can still incur meaningful fixed costs.

A prospective test should classify these constraints before outcomes are known and retain
every considered opportunity, including refusals and failed closings. For each decision date, the
record needs the then-available outside route, the investor’s requested allocation, net participation
terms, authority, existing obligations and funding state. A later offer or document cannot be used
to improve an earlier information set. Program size alone cannot identify whether entry helps
incumbents: the relevant observation is how one more compatible participant changes their net
terms.

Three contrasts would establish economic importance. First, changes in the cost of separate
implementation should matter more for programs with binding formation requirements than for
comparable opportunities whose minimum scale is slack, after accounting for changes in shared
implementation. Second, departures should be associated with small participation slack and ad-
verse member-level cost incidence. Complexity is a candidate determinant of that incidence, not
a substitute for measuring it. Third, the use of transfers and assurance should depend on whether
the failure is participation or selection. A selection device cannot make a negative success value
acceptable, and compensation cannot buy a missing legal permission.

These predictions require variation not supplied by the synthetic economies. Outside oppor-
tunities can improve because expected returns change, access becomes available, fees fall or liq-
uidity improves. Some changes also alter the shared program’s payoffs. A credible design must
separate those channels. The complete event history should distinguish investor refusal, diligence,
documentation, consent, funding and settlement. Otherwise a program that fails for operational
reasons can be misclassified as a participation failure.

6.7 Institutions that already preserve differences
The conventional counterfactual is capable. Investors can combine funds, direct investments and
custom vehicles, and existing intermediaries can batch records or negotiate conditional commit-
ments. Partnership capital accounts, contributed-property allocations and partner-specific basis
records already preserve differentiated state within shared ownership (Internal Revenue Service,
2025a,b). A capital account is not necessarily the investor’s outside basis. Exchange funds offer
a concrete example of shared investment with attributable contribution histories and restrictions
(Morgan Stanley, 2023). These capabilities do not imply that every investor retains independent
authority over each underlying trade.
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Subscription-credit agreements likewise recognize heterogeneous capital. The filed agreement
discussed in the evidence ledger differentiates investor eligibility, advance rates and concentration
limits (Goldman Sachs Middle Market Lending Corp. II, 2022). Such terms reveal how contrac-
tual capital enters a borrowing base. Their prices combine credit, collateral, legal, maturity and
liquidity effects; they are not a pure market price of credibility. They nevertheless provide a
practical source of restrictions for a formation model.

Related market examples require the same discipline. Johnston and McConnell (1989) docu-
ments the decline of a futures contract in relation to design and competing hedges. It motivates
endogenous participation, but does not identify cheaper bilateral customization as a cause of com-
pression. Risk-sharing pools can benefit from compatible entrants, while unsuitable new expo-
sures or scarce capacity can reverse the incidence (Blier-Wong and Lauzier, 2026). Public versus
private, pooled versus separate, and digital versus manual are therefore insufficient classifications.

6.8 The limits that matter
The binary compression theorem fixes program terms and permits open entry under monotone
formed payoffs. The Bayesian result instead fixes a closed minimal cohort, private values, in-
dependent verifiable funding risk and observable failure categories. The continuous result fixes
indispensable investors, capacities, separable concave payoffs and expense shares. These are sep-
arate environments. The combined construction freezes a continuous allocation into a binding
offer; it is not a general Bayesian portfolio equilibrium theorem.

The welfare measure sums CE dollars. Admissible sure transfers move CE dollars one-for-
one, while real expenses reduce their sum. Success-contingent transfers in the Bayesian model
instead balance cash in the success state; their ex-ante CE changes need not sum to zero because
they reallocate risk. Supplier rents, tax effects and externalities require their own accounting if
the objective is social welfare. CARA supplies sure-money translation, but implementability still
requires admissible, collectible transfers. Under CRRA the same financial transfers can be made,
while the CE arithmetic changes. None of the results permits an optimizer to enlarge authority or
erase a prior obligation.

A coordinator earns its cost by delivering something the capable incumbent cannot provide
as cheaply: acceptable terms, better equilibrium selection, dependable funding or compatible
execution. Ownership, conflicts and incentives then matter. A low reserve carrying cost does not
identify who should own the coordinator; the broader costs of contracting and control enter that
question (Hansmann, 1996). An affiliated supplier can capture savings or steer scarce capacity.
Those effects must be measured against investor outcomes and specified allocation rules.

7 Conclusion
The investment frontier is partly an organizational outcome. Under scale economies, a better
outside option raises the equilibrium floor and compresses the welfare range. It can remove a
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jointly valuable investment from equilibrium. Private information preserves a nonparticipation
equilibrium unless incentives change. Within a declared contract class, strict full-sign willingness
and funded assurance for all but one indispensable investor characterize universal subscription.
Physical funding remains a separate condition.

Continuous mixed portfolios preserve the same economic tension under a pointwise order on
incremental participation values. Their exact equilibrium characterization also limits the scope
for coordination: the best individually acceptable allocation is already Nash. The institution adds
value by selecting a better outcome, changing participation terms or securing execution, not by
relabeling that existing optimum.

The companion experiment provides a measured instance of one processing-cost comparison.
It measures a component of organizational cost; the financial question remains whether the saving
reaches an investor whose participation is pivotal. Establishing economic significance requires
observed participation slack, actual cost pass-through and complete opportunity histories. Tech-
nology can improve what investors do separately while destabilizing what they achieve together.
Institutions determine which investors receive the savings.
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A Proofs and computational characterizations

A.1 Increasing differences at formation
Fix investor 𝑖 and order the other subscribers by inclusion. His payoff difference between sub-
scribing and remaining outside is −ℎ𝑖 when his subscription still fails and 𝑢𝑖 (𝑆 ∪ {𝑖}) − 𝑜𝑖 when
it forms. Within the failed region the difference is constant. Within the formed region it is non-
decreasing by net-payoff monotonicity. Every transition between the regions passes through a
minimal formed set containing 𝑖. Consequently increasing differences holds if and only if every
such set satisfies 𝑢𝑖 (𝑆) ≥ 𝑜𝑖− ℎ𝑖. A violation supplies two ordered profiles at which the difference
falls. Satisfaction makes each transition nondecreasing. The finite binary action lattice then meets
the relevant strategic-complementarity condition. A threshold alone does not decide the issue.

A.2 Bayesian subscription: necessity including ties
Sufficiency follows by strict dominance for the investors with 𝛽𝑖 > ℎ𝑖 and then strict optimality
for the possible remaining investor. For necessity, write 𝑒𝑖 (𝑡𝑖) for the strategic-failure utility in-
crement. If any 𝐷𝑖 (𝑡𝑖) < 0, universal signing is not a Bayesian equilibrium. A mixed equilibrium
exists in the finite Bayesian game, so universal signing cannot hold in every equilibrium. If at
least two investors have 𝑒𝑖 ≤ 0, let all such investors refuse at every type and all others sign. Each
refuser still faces another refuser; signing cannot complete the cohort and gives no positive gain.
Every signer has positive 𝑒𝑖. The profile is an equilibrium.

It remains to consider all 𝐷𝑖 (𝑡𝑖) ≥ 0, at most one weakly assured investor, and a zero 𝐷 at some
positive-probability type. Call the possibly weakly assured investor 𝑗 . If 𝑗 has a zero-𝐷 type, let
those types refuse and its positive-𝐷 types sign; all assured investors sign. Investor 𝑗 is optimizing
because everyone else signs. Each assured investor’s signing gain is a convex combination of a
nonnegative 𝐷𝑖 and a strictly positive 𝑒𝑖, so signing remains optimal.

Otherwise every type of 𝑗 has strictly positive 𝐷 𝑗 . Choose a zero-𝐷 type of an assured investor
𝑖, let that type refuse with probability 𝜀 > 0 and let all other types and investors sign. Investor 𝑖 is
indifferent because everyone else signs. Every other assured investor remains willing for the same
mixture reason. Conditional on any type of 𝑗 , the refusal probability is at most 𝜀. Finitely many
strictly positive 𝐷 𝑗 values imply a sufficiently small common 𝜀 for which every 𝑗 type continues
to sign. If there is no weakly assured investor, that last restriction is unnecessary. The resulting
mixed equilibrium has positive failure probability. Correlation of types changes the conditional
probabilities but not the bound by 𝜀. This completes necessity and the theorem.

A.3 Transfer floors and reserve infimum
Strict positivity of (19) is equivalent to

𝑝𝑒−𝑎𝑖 (𝑠𝑖 (𝑡𝑖)+𝑇𝑖) < 𝑒−𝑎𝑖ℎ𝑖 − (1 − 𝑝)𝑒−𝑎𝑖𝛾𝑖 . (26)
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The left side is strictly positive at every finite transfer. A nonpositive right side therefore rules
out strict willingness. With a positive right side, taking logarithms and maximizing the required
transfer across types gives (20). Closed finite transfer bounds make the feasible domain of (27)
compact in 𝑇 . A vector strictly above every floor has a positive minimum slack and conversely;
the LP optimum is positive exactly in that case.

For the reserve bound, Theorem 5 requires at least 𝑚 − 1 strict strategic assurances. Those
investors may all sign while the remaining investor refuses. The liability in that supported action
profile exceeds the sum of their ℎ𝑖. The least such sum is

∑
𝑖 ℎ𝑖 − max𝑖 ℎ𝑖. Leaving a highest-

expense investor unassured and paying ℎ𝑖 + 𝜀 to the rest approaches the bound. No profile of
strategic failure can contain more positively insured signers, so that amount suffices. The theorem
requires strictness, explaining the infimum. This proof concerns the payment reserve, not the
financing of tickets, expenses or collectible success transfers.

A.4 Continuous equilibrium and the acceptable frontier
Indispensability implies that every formed profile has 𝑞𝑖 > 0 and that exit by any investor destroys
formation. Exit therefore gives 𝑂𝑖, so formed equilibrium requires 𝑓𝑖 (𝑞𝑖) ≥ 0. If the program
fails and some 𝑞𝑖 > 0, reducing it to zero saves 𝜌𝑖𝑞𝑖 > 0; hence the only failed equilibrium is
all-zero.

At a formed profile with
∑
𝑖 𝑞𝑖 > 𝐾 , any investor away from his unique maximizer can move

a small amount toward it without losing formation. Thus 𝑞 = 𝑑 is necessary. It is sufficient when
all peaks are nonnegative: no formed deviation improves on a peak, while a failed deviation gives
at most 𝑂𝑖. At a threshold profile, 𝑞𝑖 < 𝑑𝑖 permits a profitable increase. If 𝑞𝑖 ≥ 𝑑𝑖, every increase
weakly lowers the formed value and every decrease destroys formation. Individual acceptability
then suffices. This proves the equilibrium characterization, including zero-gain ties.

If any peak is negative, no acceptable formed profile exists. Otherwise the acceptable upper-
branch interval is [𝑑𝑖, 𝑅𝑖]. If

∑
𝑖 𝑑𝑖 ≥ 𝐾 , the vector 𝑑 is an equilibrium. If

∑
𝑖 𝑑𝑖 < 𝐾 ≤ ∑

𝑖 𝑅𝑖,
continuity permits choosing quantities from those intervals summing exactly to 𝐾 , again an equi-
librium. Necessity follows because no individually acceptable quantity can exceed 𝑅𝑖.

Take an arbitrary acceptable formed allocation. If
∑
𝑖 𝑑𝑖 ≥ 𝐾 , choosing 𝑑 weakly improves

every investor. Otherwise raise all below-peak quantities to their peaks, then reduce above-peak
quantities continuously until their sum is 𝐾 . Raising toward a peak and reducing toward a peak
both weakly improve the owner’s payoff. The final profile satisfies the threshold equilibrium
conditions. The acceptable domain is compact and convex because each 𝑓𝑖 is concave. Its total
objective is strictly concave, so its maximum, when the domain is nonempty, is unique. It is a
Nash equilibrium by the preceding improvement argument. This proves (14).

Under pointwise deterioration, 𝑓 ′𝑖 (𝑞𝑖) ≥ 0 implies 𝑓𝑖 (𝑞𝑖) ≥ 0, so the new acceptable domain
is a subset of the old. Its objective is weakly smaller at every common point. The equilibrium
gap therefore contracts. All-zero gives 𝐿 =

∑
𝑖 𝑂𝑖, and individual acceptability bounds all other

equilibrium welfare below by that sum. Adding its change proves continuous compression. The
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proof neither assumes a lattice of contribution vectors nor extends to arbitrary quantity-dependent
cost shares.

A.5 Reproduction and numerical boundaries
The threshold verification enumerates 78,732 exact rational comparisons, preserving all pure equi-
libria, entry deviations and ties. The new increasing-differences test checks 864 complete games,
including failed subscriptions, and exactly matches the transition condition. The Bayesian checks
enumerate 972 four-investor, two-type games under correlated full-support priors. One has no
pure equilibrium, which is retained rather than excluded. Pure enumeration tests sufficiency and
explicit failure cases; the mixed proof supplies the all-equilibrium result. An additional exact
mixed witness has a unique all-sign pure equilibrium but only .75 subscription probability in a
mixed equilibrium.

The continuous solutions use analytic concave optimization and direct deviation checks. A
numerical grid is used only as a separate verification device. Saved allocations preserve individ-
ual payoffs, expenses, transfers, liquidity caps, information sets and proof status. Tests distin-
guish private reports, which are absent from the declared mechanism, from observable signatures.
Contract-expiry and authority cases retain accepted obligations while blocking unauthorized new
actions. Full reproduction also rescored the unchanged AI archive and independently recalculated
its downstream allocations. No new inference response enters this edition.
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Internet Appendix

I. Transfer feasibility
Suppose transfers satisfy 𝑇 𝑖 ≤ 𝑇𝑖 ≤ 𝑇 𝑖 and

∑
𝑖 𝑇𝑖 = 0. Strict participation is feasible exactly when

the following finite linear program has a strictly positive optimum:

max
𝑇,𝜂

𝜂 subject to 𝑇𝑖 ≥ 𝑟𝑖 + 𝜂, 𝑇 𝑖 ≤ 𝑇𝑖 ≤ 𝑇 𝑖,
∑
𝑖

𝑇𝑖 = 0. (27)

Here 𝜂 is slack in success-state transfer dollars, not a common CE gain. Collection of negative
transfers, settlement timing and contractual eligibility are additional financial requirements. Sure-
money translation under CARA does not remove them. A fixed fee for administering the contract
must also be paid before its proposed welfare improvement is evaluated.

II. A finite private-information economy
The four-investor example uses tickets of $80,000, $100,000, $120,000 and $100,000. The mini-
mum is $350,000, so the proposed $400,000 purchase requires all four. Values in this paragraph
are thousands of dollars. Gross success values are (14, 13, 16, 12), and each investor has two
equally likely outside values: (6, 10), (6, 10), (7, 11) and (4, 12.2). Subscription expenses are
(.5, .8, .6, 1) and the common funding condition succeeds with probability .9. The high type of
investor 4 dislikes success at the initial terms.

Success transfers (−.6,−.5,−.5, 1.6) balance and make every type strictly willing under
both risk neutrality and CARA with 𝑎𝑖 = .02 per thousand dollars. Strategic-failure payments
(.51, .81, .61, 0) then implement universal subscription. Their maximum reserve is $1,930,
compared with the $1,900 infimum; carrying it for 90 days at an assumed annual 4% costs $19.04.
Expected strategic bonuses are zero. Common funding failure remains at 10%; in that state none
of the planned purchase capital is collectible. A backstop guaranteeing completion of the stated
$400,000 purchase would need $400,000, with an expected gross funding draw of $40,000 in this
two-state specification. The draw is neither a net credit loss nor a quoted guarantee price. These
are different obligations from funding the smaller minimum or insuring failed subscription.

A transfer cap of $500 per investor cannot support every type; a cap of $2,000 can. Pure
Bayesian enumeration checks ordinary subscriptions, binding subscriptions, transfers alone,
assurance alone, the combined contract and a contract with two unassured investors. The all-
equilibrium conclusion rests on Theorem 5, not on the absence of another pure equilibrium in a
finite search.
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III. Combining private values and continuous allocation
At 𝜃 = 1.6 in the four-investor case, freeze the coordinated quantities as a contractual offer:

𝑞 = (.7775, .9275, .7875, 1.0075).

Its success increments before transfers are, approximately,

𝑠 = (−.0716, 6.4634, 4.0834, 7.9994).

For this combined synthetic construction these are fixed success-state incremental payments, in-
dependent of residual wealth and the funding event. This assumption permits the CARA lottery
calculation; arbitrary portfolio certainty equivalents cannot be mixed that way. Add two private
outside-value increments per investor, (0, .2) for the first and (0, .4) for each other investor. These
are additional exit-only type differences. Success transfers of .4 to the first investor, financed
equally by the others, restore strict full-sign willingness when the common funding probability is
.9, signing costs .01 each and CARA risk aversion is .02 per thousand.

Strategic-failure bonuses of .011 to the first three investors and zero to the fourth secure all
signatures by Theorem 5. The worst-type CE gains, net of signing costs, are approximately
(.1056, 5.2944, 3.1735, 6.6573). The reserve for strategic bonuses is $33; the investment itself
requires $350,000 and formation expenses of $12,000 are already deducted in the portfolio values.
Common funding failure remains at 10%.

This construction connects the branches through a fixed, acceptable portfolio offer. After ac-
ceptance, quantities are contractual tickets, not freely revised strategic choices. The result does
not characterize a simultaneous Bayesian game in which agents both choose continuous quantities
and report hidden values. It shows that a continuous formation loss can be repaired by a contract
whose information and funding conditions are independently checked.

IV. Preserved continuous benchmark and overlapping programs
The preserved benchmark has four investors with two capital units each. Investor 𝑖 chooses con-
tinuous quantities 𝑞𝑖, 𝑥𝑖 ≥ 0 with 𝑞𝑖 + 𝑥𝑖 ≤ 2, retaining the remainder as cash. The common
program needs 𝑄 =

∑
𝑖 𝑞𝑖 ≥ 7, gives gross value 15 per unit and costs 40, allocated in proportion

to common quantities. Reservation costs .5𝑞𝑖 whether or not it forms. Individual investments
have gross per-unit values (18, 2, 3, 4) and common per-unit implementation cost 𝑐, compared at
𝑐 = 10 and 𝑐 = 7. Values are thousands of dollars; each capital unit is $100,000. A separate
$20,000 expense account per investor is available under every route. Failed common capital is
returned; reservation expense remains. This linear-value example is a benchmark, distinct from
the concave interior-choice model in Section 4.

Write ℎ = 15−0.5 = 14.5 and 𝑣 = ℎ−40/8 = 9.5. When the program forms, common benefit
per unit is ℎ − 40/𝑄 ≤ 𝑣 because 𝑄 ≤ 8. At 𝑐 = 10, all individual per-unit gains are less than 𝑣.
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Hence any principal’s benefit is at most 2𝑣 = 19, with equality in a positive common allocation
requiring 𝑄 = 8 and his own 𝑞𝑖 = 2. The all-common profile therefore Pareto-dominates every
other profile and is a Nash equilibrium.

For completeness, it is the unique strong equilibrium. In any other profile at least one principal
receives less than 19, and none receivesmore. If a principal is already at 19, equality requires every
principal to supply two common units, contradicting a different profile. Thus all four strictly gain
by jointly moving to all-common from any different profile. No coalition can strictly improve
on all-common because no member can exceed 19. This uses the stringent strong-equilibrium
concept; the theorem in the main text relies only on Nash outcomes.

At 𝑐 = 7, the first principal’s individual per-unit gain is 11, strictly above 𝑣 and below ℎ. In
any formed profile with positive 𝑞1, his benefit is bounded above by

11(2 − 𝑞1) + 𝑣𝑞1 = 22 − 𝑞1(11 − 𝑣) < 22. (28)

A failed common reservation also lowers his benefit. Thus choosing 𝑞1 = 0, 𝑥1 = 2 strictly
dominates any positive common reservation. The other three have at most six units in total and
cannot form a program that needs seven. Their individual net gains are negative, so they hold
liquid capital and the low-cost Nash outcome is unique.

For any formed allocation, other individual investments have negative net benefit. Even as-
signing all residual capital to the first investor gives the upper bound

14.5𝑄 − 40 + 11(8 −𝑄) ≤ 14.5 · 8 − 40 = 76. (29)

All-common attains 76. No-formationwelfare is at most 22. The coordinated optimum is therefore
76 at the lower cost as well. Every argument admitted real quantities and mixed holdings; no
integrality gap is invoked.

V. Transaction chronology and cash reconciliation
The dated record separates the date an instrument was agreed, its public filing date, and the period
a financial statement measures. The March 4 supplement already described a possible minimum-
cash waiver, failure of the convertible financing, PIPE waivers and retention of existing debt.
Those possibilities were observable before the March 28 action. Conversely, the first-quarter
accounting reconciliation was reported after closing and is not assigned to an earlier investor in-
formation set. The machine-readable chronology retains both boundaries (FirstMark, 2022a,b).

Date Contract or disclosed event

Oct. 6, 2021 Original agreement: $300m defined cash condition; $109m PIPE, $21m
Series Z and $150m conditional notes. Note proceeds excluded from the
cash-condition definition.
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Date Contract or disclosed event

Feb. 11, 2022 Proxy dated; furnished on or about Feb. 15. Redemption rights and
conditional sources-and-uses scenarios disclosed.

Mar. 4 Supplement describes waiver/no-notes/debt-retention alternative and
interdependence of financing conditions.

Mar. 9 Non-redemption commitments exchange specified redemption rights for
additional shares on completion. Other shares retain redemption rights.

Mar. 25 Repricing to $7.50; more PIPE and original Series Z shares for the same
dollars; additional $10m Tiger subscription. Amended escrow-delivery
deadline.

Mar. 26 Credit amendment excludes the transaction from Change in Control,
conditional on at least $160m of defined closing cash.

Mar. 28 Merger waiver removes the $300m cash and debt-payoff conditions, not
the separate credit condition. Executed Series Z amendment; first
merger.

Mar. 29 Acquisition merger closes; PIPE and Series Z purchases consummated.
After closing Annual and quarterly reports disclose redemptions, shares issued and

cash/accounting reconciliation.

The original agreement’s section 1.01 defines Closing Surviving Corporation Cash without du-
plication. It includes trust and other surviving-company cash, less unfulfilled redemptions, plus
actually received PIPE and additional equity proceeds; it excludes convertible-note proceeds. Sec-
tion 9.03(e) supplies the $300m condition. The March 28 waiver acknowledges that the notes will
not close and that the specified existing debt will not be repaid. The March 26 credit amendment,
section 4(d), retains a separate $160m closing-cash condition. This is a contractual definition,
not an accounting net-proceeds measure. Note 14 describes March 25 Series Z repricing, while
the executed Series Z amendment is dated March 28 and specifies a March 25 escrow deadline;
those dates are retained separately. The separate $1.2m assumed note repayment in the accounting
bridge below is not repayment of the retained Starry Credit Agreement (FirstMark et al., 2021;
Starry, 2022e,d,c,g).

Reconciliation $ millions

FirstMark trust and cash, Q1 report 36.282
PIPE plus Series Z 140.000
Gross proceeds 176.282
Less transaction costs paid during period (12.507)
Cash-flow net proceeds 163.775

Less separately presented Series Z conversion (31.000)
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Reconciliation $ millions

Less warrant liabilities (15.697)
Less assumed note repayment (1.200)
Less net costs reclassified, including accrued costs (4.711)
Less non-redemption share issuance entry (0.042)
Less noncash net liabilities assumed (0.195)
Equity-accounting entry 110.930

Gross less combined incurred transaction costs 157.783
Additional incentive/legal expense reported in SG&A 2.973

All table inputs come from Note 1 of the first-quarter report, whose statements use thousands
of dollars. Combined transaction costs of $18.499m include $0.967m paid by FirstMark before
closing and $17.532m incurred by Starry. The latter separates $17.218m charged to additional
paid-in capital and $0.314m allocated to liability instruments. The separately disclosed $2.973m
incentive/legal expense is not silently treated as included in the $18.499mmeasure. Payment dates
and detailed overlap sufficient for an all-in cash-at-closing reconciliation are not provided in the
cited aggregate disclosures.

Note 1 reconciles the annual report’s $36.245m after-redemption trust amount with the quar-
terly report’s $36.282m total: FirstMark also held $37,000 of cash outside the trust. The later
registration statement’s rounded $157.8m net figure agrees with gross proceeds less the combined
incurred-cost measure, rather than the period-paid cash-flow measure (Starry, 2022f,g,h).

Dilution is part of the participation price. The PIPE repricing increased shares from 10.9m to
14,533,334 for approximately the same $109m; original Series Z shares rose from 2.1m to 2.8m
for $21m. The additional Tiger subscription brought Series Z proceeds to $31m. The 422,108
non-redemption shares were reported as issued after closing. The filed non-redemption form has
blank investor-specific quantities and minimum awards; its formula andmost-favored terms do not
reveal every investor’s payoff. Note 5 records a $3.888m non-redemption-share charge to other
expense and additional paid-in capital, distinct from the $0.042m issuance entry in the bridge.
Neither accounting amount measures investor welfare (Starry, 2022a,b,c,g).

The mechanism classification is limited to documented actions. Retaining a redemption right
is revocable participation; a signed non-redemption agreement changes that right for specified
shares. Success-contingent extra shares change participation incentives. Escrow is a funding ar-
rangement whose actual receipt requires evidence beyond a contractual deadline. Waivers modify
the opportunity’s terms. None is a funded payment for strategic failure of the kind used in the
assurance theorem.
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VI. Completion boundaries and independent checks
The completion construction finds an equilibrium dominating its starting allocation. It need not
find the best equilibrium from every start. With three investors, threshold two and zero outside
values, let the pair {1, 2} pay (1, 1) and full membership pay (2, 2, 0). Other formed memberships
pay their members zero. Formed payoffs are inclusion-monotone. Strict entry stops at the pair
because investor 3 is indifferent, although full membership has higher welfare. Starting from the
best acceptable allocation still proves the equality of maxima.

Congestion breaks that equality. With three investors, threshold two and zero outside values,
let every pair pay 10 to each member and full membership pay 1 to each. A pair is acceptable but
an outsider enters, reducing its welfare from 20 to 3. Full membership and universal nonpartici-
pation are the only equilibria. Raising investor 3’s outside value to 1.5 makes the pair {1, 2} an
equilibrium with welfare 21.5. The equilibrium gap rises from 3 to 20, reversing compression.

Changing program terms also changes the comparison. With two required investors, outside
values zero and formed payoffs (10, 10), the gap is 20. Raise investor 1’s outside value to 1 while
also raising formed payoffs to (12, 12). The gap rises to 23: the pointwise order on incremental
participation values fails. Independent outside alternatives matter separately. If an outside asset
of value 10 is divided equally when both investors stay outside, each earns 5 there but a lone
outsider earns 10. A shared program paying 6 each is acceptable against (5, 5), but each investor
exits unilaterally. The all-outside profile is the sole equilibrium. Comparing participation with
the jointly rationed outside payoff misstates refusal incentives.

Failure rewards change the floor. With two required investors, zero outside values, formed pay-
offs −2 each and a lone subscriber’s failure bonus 1, the two one-subscriber profiles are equilibria
and the floor is 1. The baseline compression theorem does not cover this assurance game.

Independent deterministic checks cover 300 binary economies, 996 completion paths from 498
acceptable starts, and 300 outside-option comparisons. A separate continuous audit covers 120
concave economies, 31,000 quantity profiles evaluated against analytic continuous deviations, 104
completion paths and 120 pointwise comparisons. A Bayesian boundary audit covers 243 finite-
type economies and 2,749 sampled equilibria, including mixed strategies and correlated types;
117 money-lattice cases corroborate the reserve infimum. These checks challenge the proofs and
expose boundary failures. Finite enumeration does not replace a proof over all types or real quan-
tities.

VII. Reproduction and provenance
The replication package preserves all predecessor financial fixtures and AI receipts. The financial
and archived AI analyses are rebuilt from clean inputs; this edition adds deterministic completion
checks and a separate prospective origination specification. The methods report contains the in-
ference protocol, model identifiers, timestamp limitations and scoring diagnostics. It reports an
archived experiment rather than a new inference campaign. Source and result hashes identify the
exact edition supporting each exhibit and the approved website synopsis.
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